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Fundamental equations describing behaviour of the continuous stirred crystalliser in steady 
state include a system constant B, whose value strongly depends on selection of the size of initial 
crystals LN. To avoid this dependence and to see that the equations be applicable for crystalliser 
design also in the case when the value LN approaches zero, a general derivation of the dependence 
between the mean size of crystals Z and specific output of the crystalliser me has been derived 
on basis of the numerical nucleation rate. The derived relations do not include the quantity LN 
and they can be transformed by a simple arrangement to the published relations. 

In one of our recent papersl a relation has been derived for calculation of the mean 
size of product crystals r from the perfectly stirred continuous MSMPR crystalliser, 
from a known concentration of suspension Inc, and the output of the crystalliser 
li7c in the form 

The proportionality constant B characterizing the given system, which in itself 
incorporates the kinetic constants of growth and nucleation, includes also quantity 
LN. But if the size of initial crystals LN approaches zero, the system constant B is 
approaching infinity and then the given form of equation is not applicable for crystal
liser design. Beside this value ~ is usually determined by extrapolation of the crystal 
size distribution to the value M(L) = 100% which could be affected in the region 
of small LN by a large error and the value of the system constant then significantly 
depends on the chosen value LN. The aim of this study is to derive the fundamental 
equation for design of the continuous stirred crystalliser with the mixed product 
removal (MSMPR) so that the derived relations could be applied also to the 
case ~ = 0 and which would not include - if possible - this arbitrary quantity 
at all. 
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THEORETICAL 

The population density balance of crystals2 for steady state of the MSMPR crystal
liser, at the assumption that no new seed crystals are entering the crystalliser and that 
the rate of crystal growth is independent of their size and that the crystals are not 
subject to macroattrition, can be simplified to the familiar form 

(1) 

Ifthe size of crystals is in general expressed as a function of their residence time in the 
crystalliser t 

L = LN + Lt (2) 

Eq. (1) can be rewritten into form 

(3) 

It was then derived 1 for the mass of crystals or for concentration of suspension 

me = foo n(L) rx(}eL3 dL = 6rx(}e nO(Ltl)4 . f(ZN) , 
LN 

(4) 

where 

(5) 

and 

LN 3LN 
ZN =- = - --. 

Lil L-~ 
(6) 

The value of the population density of initial crystals nO can be expressed both from 
Eq. (4) and from the numerical nucleation rate NN 

(7) 

while the rate constant of the numerical and usually given mass nucleation rate 
is given by the relation 

(8) 

The unknown supersaturation L1w in Eq. (7) can be then expressed by the linear 
crystal ; rowth rate 

(9) 
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so that 

(10) 

and the resulting relation for the population density of initial crystals or for the nuclei 
population density is 

(ll) 

If we consider the definition of mean size of crystals I 

(12) 

and if we substitute the corresponding relations from Eqs (ll) and (12) into Eq. (4) 
we obtain 

and after arrangement and substitution 

where 

or 

DISCUSSION 

(14) 

(15) 

(16) 

(17) 

If we compare Eq. (15) with the earlier relation quoted in the introductory part 
of this study we can see that they are identical and that between the system constants B 
and BN holds the relation 

BN = B. Ll..+ 3g/n. (18) 

The advantage of the derived relation (15) is also in its suitability for 4. -+ 0 when 
it takes the form 

(19) 
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When considering the analogy of Eq. (14) we can obtain relations also for description 
of the batch crystalliser3 which in our case have the form 

(20) 

or 

(21) 

It remains to repeat how it is possible to determine the values of individual con
stants from the model crystallisation experiments. The first series of experiments is 
performed in the continuous crystalliser so that the concentration of suspension 
is kept constant i.e. with constant composition of the feed and constant temperature 
in the crystalliser but with the significantly different flow rate. If using the batch 
crystalliser, just the time of batch te should be changed. For individual experiments 
the distribution of product crystal sizes is evaluated4 i.e. the screen size L is plotted 
in dependence on the dimensionless residence time of crystals 

L-LN L-LN 
z= - - - =3---

L1; L - LN 
(22) 

or on to it corresponding oversize fractions 

M(L) = 100(1 + z + z2/2 + z3/6) exp (-z) (23) 

and from the plot the values Land 4 are determined. Linearisation is performed 
by the least square method so that LN should be LN ~ O. From these values the linear 
crystal growth rate is determined 

L· =L-LN resp. 
311 

. L-4 
L=--

3te 

(24) 

and by use of the arranged relation (4) the numerical nucleation rate is obtained 

(25) 

Further the value of the exponent gIn is determined again by the least square 
method from the relation derived from Eq (15) where for f(ZN) ~ 1 holds 

1 - gIn _ a log (L - 4) 
1 + 3gjn - a log me (26) 
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So obtained values from individual experiments are then substituted into Eq. (17) 
at the assumption c = O. 

We perform another series of experiments at the constant flow rate or constant 
batch time te but with differing concentration of the initial solution i.e. with dif
ferent concentration of suspension me' From these experiments are determined the 
values NN and L in a similar way and they are again substituted into Eq. (17) at the 
assumption c = O. Now we check the dependence of the so computed constant BN 
on concentration of suspension Inc. The slope of straight line in the plot log (BN)e =o 
vs log me corresponds to the value cgln so that from it we can easily determine 
the value of c. The basi cal assumption for the described determination of constants c 
and gill is availability of sufficiently reliable experimental data at considerably 
differing parameters in the series of experiments. Otherwise, the computation is very 
inaccurate and in the extreme case it is better to use the value of gin calculated from 
individual kinetic measurements (dependence of L on supersaturation 5

, evaluation 
of the width of metastable region 6

, and for the exponent c to assess the values c = 0 
(primary nucleation, secondary nucleation with the mechanism of adsorption layer), 
c = 1 (interaction crystal-crystalliser) or c = 2 (interaction crystal-crystal)1. 

LIST OF SYMBOLS 

B system constant based on the mass nucleation rate (kg(e -1 )g/n kg~l- e)g/n sg/n - 1) 
BN system constant based on the numerical nucleation rate (m 1 + 3g/ n kg(e -1 )g/n SHIn - I) 

exponent of secondary nucleation 
!(zN) function defined by Eq. (5) 
9 order of kinetic growth equation of crystals 
kG rate constant of growth (m-2kg~kgl-gs-l) 
kG rate constant of growth (m kg~ kg- g s-l) 
kN kinetic constant of nucleation rate (kgg + e - 1 kgl - e - n S - 1) 

kN kinetic constant of numerical nucleation rate (kgg+ e- 1 kg -e -n S - I) 

L size of crystals (m) 
LN size of initial crystals (m) 
I mean size of crystals (m) 
L linear crystal growth rate (m s -I) 
me concentration of suspension (kg/kgo) 
me specific output of the crystalliser (kg kgo 1 s -1) 

M(L) oversize fraction (mass %) 
order of nucleation equation 

n(L) population density of crystals (kgo 1 m -I) 
nO population density of initial crystals (kgi) 1 m - 1) 

NN numerical nucleation rate (kgo 1 S-I) 

time(s) 
II mean residence time of solution in crystalIiser (s) 

te time of batch (s) 
L\w supersaturation (kg/kgo) 

dimensionless residence time of crystals 
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ZN dimensionless initial size of crystals 
IX volume shape factor 
P surface shape factor 
(Ie density of crystals (kg m - 3) 

The symbol kgo denotes the unit amount of free solvent. 
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